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Abstract 

Motivated by the space of spinors on a Lorentzian manifold, we define Krein spectral triples, which 
generalise spectral triples from Hilbert spaces to Krein spaces. This Krein space approach allows for an 
improved formulation of the fermionic action for almost-commutative manifolds. We show by explicit 
calculation that this action functional recovers the correct Lagrangians for the cases of electrodynamics, 
the electro-weak theory, and the Standard Model. The description of these examples does not require 
a real structure, unless one includes Majorana masses, in which case the internal spaces also exhibit a 
Krein space structure. 
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1 Introduction 

The framework of Connes’ noncommutative geometry [Con94], and in particular the special case of so-called 
almost-commutative manifolds [ISS04], can be used to derive physical models describing both gravity and 
(classical) gauge theory, thus providing a first step towards a unified theory. For a suitably chosen almost- 
commutative manifold, one obtains the full Standard Model of high energy physics, including the Higgs 
mechanism and neutrino mixing [Con96, CCM07]. This unified description of gauge theory and gravity 
relies on two action functionals which allow to derive the Lagrangian of the theory: the spectral action 
[CC97] and the fermionic action [Con06]. The spectral action yields the bosonic part of the Lagrangian, 
while the fermionic action yields (of course) the fermionic part (including the interactions between fermions 
and bosons). 

In this article we will focus on the fermionic action. The usual fermionic action, given by Connes [Con06] , 
is given for a real even spectral triple J, 7 ) of ATO-dimension 2 as 

where ^ is a Grassmann variable corresponding to an even vector f . While the Lagrangian 

obtained from this action closely resembles (term by term) the physical Lagrangian, there are still two 
discrepancies. First, the fermionic action is given in Riemannian signature, while physical spacetime has 
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Lorentzian signature. Second, the fermionic action is defined by using the real structure (the ‘charge con¬ 
jugation operator’), but (except for possible Majorana mass terms) the charge conjugation operator should 
not be present in the physical Lagrangian. In addition, the presence of this real structure also means that 
the fermionic action is not automatically real-valued. 

In this article we will consider a Lorentzian version of noncommutative geometry. The study of Lorentzian 
noncommutative geometry is still far from complete, although some progress has been made. While the 
spinors on a Riemannian manifold give rise to a Hilbert space, the spinors on a pseudo-Riemannian (e.g. 
Lorentzian) manifold naturally give rise to a Krein space instead. Thus, to obtain a physical description of 
spinor fields on spacetime, it is more natural to work with Krein spaces instead of Hilbert spaces. A Krein 
space approach to noncommutative geometry was first taken in [Str06] and studied further in [Sui04, PS06]. 
Building upon these previous works, we propose a definition of Krein spectral triples, which offers a natural 
extension of the notion of spectral triples from Hilbert spaces to Krein spaces. 

Subsequently, we will describe a Lorentzian alternative to the fermionic action, which we call the Krein 
action. As observed by Barrett [Bar07] , the Krein action can be chosen to simply take the form of the usual 
Dirac action, and is given by 

SicW ■■= {'(pl'Di}), 

where (-I-) denotes the indefinite inner product on a Krein space 'H, and "D is an unbounded Krein-self-adjoint 
operator on 'H. Thus, this action by construction allows for Lorentzian signatures, and it does not involve 
the charge conjugation. Unlike Barrett, however, we avoid the introduction of anti-commuting Grassmann 
variables for the fermions, which we find more natural, as an almost-commutative manifold only describes 
a classical gauge theory (not a quantum theory). Another difference is that, when Majorana masses are 
included, our finite space also exhibits a Krein space structure (see Section 6.1). 

In [NW96], a continuous Wick rotation for spinor fields has been introduced, which could be used to turn 
the Krein action into a Euclidean action. Although a detailed study of such Wick rotations falls beyond 
the scope of this article, we would like to point out that such a Wick rotation of our Krein action cannot 
correspond to Connes’ fermionic action, due to the presence of the charge conjugation operator in the latter. 

Lastly, let us point out that our description of gauge theories in terms of Krein spectral triples is not yet 
complete, as we have no Krein alternative for the bosonic action. It is still very much an open question how 
the spectral action should be adapted to the Lorentzian setting. 

The layout of this article is as follows. First, we describe in Section 2 the definition of Krein spectral 
triples and the Krein action. We develop the general formalism for describing gauge theories from almost- 
commutative Lorentzian manifolds in Sections 3 and 4. Subsequently, we will calculate the Krein action 
explicitly for the cases of electrodynamics (Section 5), the electro-weak theory (Section 6), and the Standard 
Model (Section 7). In these examples we will see that (unless one wants Majorana masses) it is not necessary 
to include the ‘anti-particles’ in the finite Hilbert space. Majorana masses can be added by including these 
‘anti-particles’ (i.e. by doubling the finite Hilbert space), and by turning this doubled space into a Krein 
space (see Section 6.1). 
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2 Krein spectral triples 

A Krein space is a vector space 'H with a non-degenerate inner product (j-) which admits a fundamental 
decomposition 'H = T-L^ ©77“ (i.e., an orthogonal direct sum decomposition into a positive-definite subspace 
and a negative-definite subspace 77“) such that 77'*' and 77“ are intrinsically complete (i.e., complete 
with respect to the norms ||'0 ||h± := 
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A fundamental symmetry J" is a self-adjoint unitary operator J ■.% such that + is positive- 
definite and (1 — J)^. is negative-definite. Given a fundamental decomposition % — 0 'H~, we obtain a 

corresponding fundamental symmetry = P'^ — P~, where P^ denotes the projection onto T-L^. Given a 
fundamental symmetry we denote hy TLj the corresponding Hilbert space for the positive-definite inner 
product (•1-)^ := {J- j-). 

For an operator T, we will denote by T+ the Krein-adjoint (i.e., the adjoint operator with respect to the 
Krein inner product (-I-)). By the adjoint T* we will mean the usual adjoint in the Hilbert space 'Hj (i.e., 
with respect to the positive-definite inner product (•l-)^'). These adjoints are related via T+ = JT*J. For 
a detailed introduction to Krein spaces, we refer to [Bog74]. 

Definition 2.1. A Krein space Ti, with fundamental symmetry J is called T, 2 -graded it TLj is Z 2 -graded 
and is homogeneous. 

The assumption that Hj is Z 2 -graded means we have a decomposition 77° 0 and that this decom¬ 
position is respected by the positive-definite inner product (which means that = 0 for all 

V'o S 77° and V'l S 77^). The bounded operators H(77) then also decompose into a direct sum of even oper¬ 
ators H°(77) and odd operators H^(77). The assumption that the fundamental symmetry J is homogeneous 
means that 77 is either even or odd. If 77 is odd, it implements a unitary isomorphism 77° ~ 77^. Given the 
decomposition 77° 0 77^, we have a (self-adjoint, unitary) grading operator F which acts as (—1)7 on W (for 
j G Z 2 ). If 77 is odd, we note that F is Krein-antz-self-adjoint (indeed, r+ = 77F77 = —FTT^ = —F). 

As in [DR16, §2.1] we define the ‘combined graph inner product’ (•|•)s,^ of two closed operators S and 
T as {'ip\(f>)s,T ■= (using the positive-definite inner product (•l')^), for all 

ip,4> ^ Dorns' n DomT. This inner product yields the corresponding ‘combined graph norm’ || • ||s,t- For 
a Krein-self-adjoint operator V we have JV* — VJ and Dom77* = Dom7777 = J ■ Dom77. One can then 
check that is identical to {■\-)vj,jv on DomT? 0 DomT?* = DomT? 0 77 • DomT?. 

The following definition aims to adapt the notion of spectral triple to Krein spaces. Similar approaches 
for such an adaptation have been given in [PS06, Str06]. Our definition is similar to the notion of indefinite 
spectral triple from [DR16], except for the addition of the fundamental symmetry, and the replacement of 
the conditions on ReT? and ImT? by the A'rein-self-adjointness of T?. We will focus only on the even case; 
the odd case is defined similarly by removing the Z 2 -grading. 

Definition 2.2. An even Krein spectral triple fT) consists of 

• a Z 2 -graded Krein space 77; 

• a trivially graded *-algebra A along with an even *-algebra representation tt: A ^ 77° (77); 

• a fundamental symmetry 77 (satisfying 77* = 77 and 77^ = 1) which commutes with the algebra A and 
which is either even or odd; 

• a densely defined, closed, odd operator T?: DomT? —>• 77 such that: 

1) the linear subspace S := DomT? fl 77 • DomT? is dense in 77; 

2) the operator T? is Krein-self-adjoint on 8 (or, equivalently, the operator 77T?: DomT? T-Lj is 
self-adjoint); 

3) we have the inclusion t:{A) ■ f C £, and the commutator [T?, 7r(a)] is bounded on £ for each a £ A] 

4) the map 7r(a) o i: f ^ 77 —>■ 77 is compact for each a ^ A, where t denotes the natural inclusion 
map 71 ^ 77, and £ := DomT?("177-DomT? is considered as a Hilbert space with the inner product 

We say an even Krein spectral triple (.4,77,T?, 77) is of Lorentz-type when 77 is odd. 

The assumption that the fundamental symmetry commutes with the algebra need perhaps not be ne¬ 
cessary in the general noncommutative case, but it will be satisfied by all examples we consider. This 
assumption ensures that we have 7r(a)^ = 7r(a)* = 7r(a*) for all a € A. 

We have aimed to give a ‘complete’ definition for Krein spectral triples, which can be used as a framework 
for the study of Lorentzian noncommutative geometry. However, this framework will undoubtedly undergo 
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further transformations, and the above definition may not be definitive. We point out that, for the description 
of the fermionic action, only conditions 2. and 3. for the operator T) are relevant. Nevertheless, we will show 
that the almost-commutative manifolds constructed in Section 4 satisfy all conditions, also for non-compact 
manifolds (i.e., non-unital algebras). 

As follows from Proposition 4.1 below, the assumption that J is odd actually just captures the fact that 
the number of time dimensions is odd; it does not necessarily imply that there is only one time dimension 
(as was noted already in [PS06, page 5]). 

A quadratic form on a Krein space 'H is a, sesquilinear map q: Domg x Domg —>■ C (conjugate-linear in 
the first variable and linear in the second variable), where the form domain Dom g is a dense linear subspace 
of H. If q{ilji,tp 2 ) = q{'4>2,ipi) for all 'ifi,'4>2 G "H we say that q is symmetric. If 'H = "H® © is Z 2 -graded 
(and we think of C as being trivially graded), then we say that q is 1^2-gi'aded if q{'ipo,f^i) = 0 for any 
fiQ C\ Dom 9 and i/'i G H Domg. 

Proposition 2.3. Let {A,'H,'D,ff) be an even Krein spectral triple. Then 

defines a symmetric quadratic form T with form domain Dom = DomD. Moreover, if the Krein spectral 
triple is of Lorentz-type, then T is 'Z 2 -graded. 

Proof. Sesquilinearity is immediate from the definition, and using the Krein-self-adjointness of D we also 
find symmetry: {ijji\'Dijj 2 ) = = {'f’2\'D'4’i). If the triple is of Lorentz-type, then the grading 

operator P is Krein-anti-self-adjoint. For '00 G fl DomD and 0i G TL^ fl DomD we then find that 

= (r0o|2?0i) = -(V'olrD^i) = (0o|OT0i) = -ifjol'Dfji). □ 

Definition 2.4 (Krein action). Let {A,T-L,'D,J) be a Lorentz-type spectral triple. We define the Krein 
action Sk '■ KP —t C to be the functional 

5'x;['0] := = ('0|D'0). 

Since is a symmetric quadratic form, the Krein action S/clip] is automatically real-valued. Furthermore, we 
will show in Sections 5, 6 and 7 that this Krein action recovers the correct (fermionic part of the) Lagrangians 
for electrodynamics, the electro-weak theory, and the Standard Model. 

3 Gauge theory 

In this section, we develop the abstract formalism for a description of gauge theories using Krein spectral 
triples. Later, we will apply this to the special case of almost-commutative manifolds. 

Let M be a trivially graded unital *-algebra. Denote by A°^ := {a°P | a G M} the opposite algebra of 
A, which equals M as a vector space but has the opposite product a°P&°P = (ba)°P. Let "H be a Z 2 -graded 
Krein space with fundamental symmetry fT, and suppose we have two commuting even representations 
tt: A B^{T-L) and 7r°P: —>■ B'^iTL). For ease of notation, we will often simply write a instead of 7r(a) 

and a°P instead of 7r°P(a°P). We obtain a representation of the algebraic tensor product A 0 M°p on % by 
setting 7r(a © &°p) := ■7r(a)7r°P(&°P). Now suppose that {A 0 A°'^,'H,'D, J) is a Krein spectral triple. We say 
that this triple satisfies the order-one condition if 

[^(a),[D,7r°P(6°P)]] =0 (1) 

for all a, 6 G M. In the remainder of this section we consider an even Krein spectral triple (M©M°p, "H, V, J). 
We will assume that this triple is unital, which means that A is unital and that -tt is unital. The examples 
we describe in Sections 5-7 all satisfy the order-one condition. However, the order-one condition can fail in 
other examples, such as the Pati-Salam model [CCSlSa], and therefore we will develop the abstract formalism 
below without assuming that the triple satisfies the order-one condition. 
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3.1 Inner perturbations 


We will now introduce fluctuations of the operator which will give rise to gauge fields as well as scalar 
fields (the latter being interpreted as the Higgs field in the case of electroweak theory and the Standard 
Model, see Sections 6 and 7). We adapt the approach described in [CCSlSb] to our Krein spectral triples. 

Let .4 be a trivially graded unital ^-algebra, and consider the algebraic tensor product A 0 A°^. F or 
an element A = ® S M 0 A°^, we have an anti-linear involution A given by aj (Si 6°^ := 

'^b* (S with the properties (AH) = X A, A = A, and {AA') = A A', for all A G C and H, H' G H 0 A°^. 
We say that A = aj(Sb°^ G A(SA°^ is real^ if A = H, and we say that A is normalised if ^ ajbj = 1 G A. 
The properties of reality and normalisation are preserved by multiplication, so we can define the following. 

Definition 3.1 ([CCSlSb, §111]). The perturbation semi-group Pert(A) is the set of real normalised elements 
in A 0 A°P, with the multiplication inherited from the algebra A 0 A°^. 

Let {B^T-L^V, J) be a Krein spectral triple. We consider the generalised one-forms given by 
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aj , 


b, G h}. 


where the sums must converge in norm. For the algebra B = A(SA°'^, we then consider a map rj-p: A(SA°^ —>■ 
H^(A 0 A°P) (iBifH) defined by 

( X! “1 ® ^T) ■= ® (4)°'’) [^. 0 ■ 

3 3,k 


As in [CCSlSb, Lemma 4.(ii)], this map rix> is involutive (i.e. ? 7 x>(H) = r]x>{A)^). In particular, ryp maps 
elements of Pert(A) to Krein-self-adjoint elements in il^{A 0 A°^). If we have a Krein spectral triple 
(A (S A°^ which satisfies the order-one condition (1), then the expression for rix> simplifies to 

vv (E® ^7) = Ea;°p [D, . 

3 3 3 

Definition 3.2. By the fluctuation of 2? by A G Pert(A) we mean the map 

V ^ Va ■='D + riT>{A), 


and we refer to Va as the fluctuated Dirac operator. 

We point out that the map ryp is not multiplicative and therefore it does not yield a representation of 
the semi-group Pert(A) on T-L. Instead, we obtain an action of Pert(A) on the space of fluctuated Dirac 
operators. 

Proposition 3.3 ([CCSlSb, Proposition 5.(ii)]). A fluctuation of a fluctuated Dirac operator is again a 
fluctuated Dirac operator. To be precise: (Da)A' = TXa'a for all perturbations A, A' G Pert(A). 


3.2 Gauge action 

The unitary group IA(A) maps to the perturbation semi-group Pert(A) via the semi-group homomorphism 
A: U{A) —?> Pert(A) given by u >->■ u 0 (m*)°p. This then yields an obvious action of m G U{A) on Pert(A) 
given by multiplication with A(u). To be precise, for A = aj 0 b°^ G Pert (A), the action of u G U{A) is 
given by 

A{u)A = ^^uaj 0 ( m *)° p 6 °'’ = 0 {bjU*)°^. 

3 3 

^In [CCSlSb], A (denoted A* therein) is called the adjoint of A, and real elements are called self-adjoint. However, since 
A 1-4^ A is an involution instead of an anti-involution, we prefer to think of this map as a ‘real structure’, which turns the 
complex algebra A O into a “real” algebra (following terminology of Kasparov [KasSO]). 
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Since Pert(yl) C 0 A°^, we can compose A with the ^-algebra representation tt to obtain a group repres¬ 
entation 

p := TT o A: U{A) B{T-L). 

Definition 3.4. We define the gauge group as 

G(A) := {p{u) I u G U{A)"\ ~ W(.4)/Kerp. 

We also consider an action 7 of the unitary group U{A) on n^{A 0 ^°p). For T G ft^{A 0 .4°p) and 
u GU{A), this action is given by 

7 „(T) := p{u)Tp{u*) + r]T )0 A{u) = p{u)Tp{u*) p{u)[V, p{u*)]. 

We point out that this is the usual transformation of gauge potentials under the gauge group G{A). The 
map rj-v is covariant with respect to the actions by U{A) (cf. [CCSlSb, Lemma 4.(iii)]). To be precise, 
7« o Vd{A) = riTi{^{u)A) for all u G U{A). 

As mentioned above, we have an action of G{A) on H. We can also define an action of G(A) on the space 
of fluctuated Dirac operators. For p{u) G G{A), this action is given by Va T’a(u)a- If m G Kerp, then 
77I5 (A(m)A) = r]T){A) and hence T’a(u)a = 'Ba- Therefore this action of p{u) on Va is independent of the 
choice of representative u G U{A) for p{u) G G{A). 

Proposition 3.5. The Krein action S'a;['0, A] := {iI)\Va'>P) of the fluctuated Dirac operator Va is invariant 
under the action of the gauge group given by ip p{'a)ip and A 1 —>■ A(w)A. 

Proof. Since pu is covariant under the action of the gauge group, we find 

'^Aiu)A = T’-I-? 7 d(A(u)A) = V + Ju o ri-D{A) = V + p{u)r]viA)p{u*) + p{u)[V, p{u*)] 

= p{u){V P ■qv{A))p{u*) = p{u)Vap{u*). 

Since the unitary p{u) commutes with ff (so p{u) is also unitary for the Krein inner product), we find 

Sk.[p{u)iP, A(m)A] = {p{u)ip I Va{u)ap{u)iP) = {p{u)ip \ p{u)VaiP) = {ip \ VaiP) = Sjc[ip, A]. □ 

4 Almost-commutative manifolds 

A finite space F := {Af^TLf,F>Ft ffp) with Z 2 -grading Fis an even Krein spectral triple for which TLf 
is finite-dimensional. An almost-commutative manifold is then constructed as the product of a finite space 
with a pseudo-Riemannian spin manifold M. Let us first have a closer look at the Krein spectral triple 
corresponding to such a manifold. 

Let (M, g) be an n-dimensional time- and space-oriented pseudo-Riemannian spin manifold of signature 
(t, s), where t is the number of time dimensions (for which g is negative-definite) and s is the number of 
spatial dimensions (for which g is positive-definite). We consider an orthogonal decomposition of the tangent 
bundle TM = Et © E^, which always exists but is far from unique. We will consider elements of Et to be 
‘purely timelike’ and elements of Eg to be ‘purely spacelike’. Given our choice of decomposition TM = EjQEg, 
we have a timelike projection T: Et © Eg —?> E* and a spacelike reflection r := 1 — 2T which acts as (—1) © 1 
on Et © Eg. Using the spacelike reflection r, we can dehne a ‘Wick rotated’ metric gr on M by setting 

gr{v,w) := g{rv,w) 

for all v,w G TM. One readily checks that gr is positive-definite, and hence {M,gr) is a Riemannian 
manifold. 

Let Cl{TM,g) denote the real Clifford algebra with respect to g, and denote the Clifford representation 
TM ^ Cl{TM,g) by 7 . Our conventions are such that 'y{v)^{w) + ^{w)^{v) = —2g{v,w). We shall denote 
by h the map T*M -A TM which maps a G T*M to its dual in TM with respect to the metric g. That is: 

h{a) = V a{w) = g{v, w) for all w G TM. 
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We assume that M is equipped with a spin structure. We consider the corresponding spinor bundle S —>• M 
and its space of compactly supported, smooth sections r“(S). We denote by c the pseudo-Riemannian 
Clifford multiplication r“(T*M 0 S) —>• r“(S) given by c(a 0 '*/') •= 7 (^(q^))V’- Let V be the Levi-Civita 
connection for the pseudo-Riemannian metric g, and let V® be its lift to the spinor bundle. The Dirac 
operator on r“(S) is defined as the composition 

$: r“(s) ^ r“(r*M(g)S) 4 r“(s). 


Locally, we can choose a (pseudo-)orthonormal frame corresponding to our choice of decomposition 

TM = Et © Eg, such that Cj G Ej for j < t and ej G Eg for j > t. In terms of this frame, the metric can be 
written as 


g{ei,ej) = 5,jK{j), 


kU) 


-1 j = l,...,t; 

1 j = t + l,...,n. 


Let be the basis of T*M dual to so that 9^{ej) = S^. We then see that h{0^) = K{j)ej. In 

terms of the local frame {cj}, we can then write the Dirac operator as 


0 := c o V® = ^ Kijhiej)Vl.. 
i=i 


Given the decomposition TM = Ej © Eg, there exists a positive-definite hermitian structure [BauSl, §3.3.1] 


which gives rise to the inner product Jm •= /M(^il^ 2 )yMdvolg, for all V’iiV ’2 G r]?°(S), where dvolg 

denotes the canonical volume form of {M,g). The completion of r“(S) with respect to this inner product 
is denoted L^(S). We can define an operator Jm on L^{S) by setting 

Jm:= 4‘-L/2^(ei)---7(et), 


where {ej} is a local orthonormal frame corresponding to the decomposition TM = E( © Eg. This operator 
is self-adjoint and unitary, and is related to the spacelike reflection r via Jmi{v)Jm = (~ 1 )* 7 (™)- The 
space L^(S) then becomes a Krein space with the indefinite inner product (-j-) := (Jm • \‘)jm with 
fundamental symmetry Jm- This indefinite inner product (-j-) is independent of the choice of decomposition 
TM = Ef ©Eg. 


Proposition 4.1. Let {M,g) be an n-dimensional time- and space-oriented pseudo-Riemannian spin man¬ 
ifold of signature {t,s). Let r be a spacelike reflection, such that the associated Riemannian metric gr is 
complete. Then we obtain an even Krein spectral triple 

{C^{M),L\Q),i^IP,Jm), 

with grading operator Tm- If t is odd, the triple is a Lorentz-type spectral triple. 

Proof. We need to check that i*]/) satisfies the conditions of Definition 2.2. For condition 1. we note that 
the linear subspace E := Dom0 (7 Jm ■ Dom.0 contains r]?°(S) and is therefore dense in T-L. Condition 2. 
follows from [BauSl, Satz 3.19]. Condition 3. follows because ij) \s & first-order differential operator and the 
algebra is smooth. 

To show the local compactness of the inclusion map £ ^ L^(S), we consider the ‘Wick rotations’ lt>± := 
d(0 + .0*)© |(0 —0*). We know from (the proof of) [DR16, Proposition 4.2] that are elliptic, and hence 
they have locally compact resolvents (see e.g. [HROO, Proposition 10.5.2]). The equality of the combined 
graph norms ]] • \\v,v = || ■ \\'D+,V- (see [DR16, Lemma 2.3]) shows that the inclusion £ ^ Dom0j_ is 
bounded, and therefore the composition £ ^ Dom0j- ^ L^(S) is locally compact. 

Since M is even-dimensional, we have a grading operator Tm which satisfies the relation TmUm = 
(see e.g. [LM89, Ch. 1]). This implies that we have a Lorentz-type spectral triple if and only if 
t is odd. □ 
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Let H be a Z 2 -graded Krein space. For a homogeneous element V' G W (j = 0,1), we write |'(/'| = j for 
the degree of ip. Similarly, for a homogeneous operator T on T-L, we have \T\ = 0 if T is even, and |r| = 1 if 
T is odd. 

Given two Z 2 -graded Krein spaces Hi and H 2 , we define their graded tensor product Hi G H 2 as the 
vector space Hi G H 2 with the inner product 

(V'l G i^2\4>l G h) ■= 

for ipi,(j)i G Hi and -02, </'2 G H 2 , and with the grading given by {Hi G ^2)° := {Hi ® H 2 ) © {Hi © Hi) and 
{Hi © H 2 )^ '■= {Hi © Hi) © {Hi © H^)- Given homogeneous operators Ti on Hi and T 2 on H 2 , their tensor 
product acts on Hi © H 2 as 


{Ti © r2)(^i © V'2) := © T2V'2, 

for homogeneous elements ipi G Hi and ^2 G H 2 - The adjoint of Ti © T 2 is given by 

(Tl © T 2 )* = (-l)l^l||T2|2.* ^ 

Definition 4.2. Let (M, g) be an even-dimensional pseudo-Riemannian spin manifold as in Proposition 4.1. 
An almost-commutative pseudo-Riemannian manifold F x M is the product of a finite space F with the 
manifold M, given by 

FxM ■= {A,H,V,J) := (c“(M,AF),'HF©L^(S),fl-^^l ©z‘0 + il‘^*"lT'F© Jm) , 

equipped with the grading operator F := F^t- © Fm- 

As in [BD14], we construct almost-commutative manifolds as F x M instead oi M x F (though the latter 
is more common in the literature). The reason is that the order F x M is more natural for the generalisation 
to the globally non-trivial case and its description as a Kasparov product (see [BD14, §111.G]). Here we have 
also written the product in terms of the graded tensor product ©, thus avoiding explicit use of the grading 
operators. 

Proposition 4.3. An almost-commutative pseudo-Riemannian manifold is an even Krein spectral triple. 

Proof. The factor I in front of ensures that J is again self-adjoint and unitary. Furthermore, 

J commutes with the algebra A because Jf and Jm both commute with the algebra. Since Jf and Jm 
are homogeneous, J is also homogeneous with degree \ J\ — \ Jf\ + \ Jm\- The factors and before 
1 © i*lj) and Vf © 1 (respectively) ensure that V is again Krein-symmetric. The Krein-self-adjointness of V 
then follows from Krein-self-adjointness of i*Ip and boundedness of Vf- The other properties of T> follow 
straightforwardly from the properties of if) and Vf. □ 

Our typical example will be an almost-commutative manifold constructed from an even-dimensional 
Lorentzian manifold, which is of course of Lorentz-type (for which Jm is odd). In order to be able to apply 
the Krein action, we need this almost-commutative manifold to be of Lorentz-type as well, which means 
that the finite space should not be of Lorentz-type. Hence we impose the restriction that Jf is even. The 
almost-commutative manifold is then of the form 

FxM := (G“(M,AF),'HF©L^(S),l©i*0 + iT'F©l,JF© Jm) ■ (2) 


5 Electrodynamics 

As a hrst example, we will calculate the Krein action for electrodynamics. The model of electrodynamics 
was first studied in the context of noncommutative geometry in [DS13]. Here, we take a slightly different 


approach, since we have no need for a real structure, and we can therefore reduce the dimension of the 
Hilbert space by a factor 2. 

We consider the algebra = C © C, and the even finite space 

■■= (^Af 0 A°/, Hf = C^, Vf = , Jf = l) . 

We denote the standard basis oi Hf 3.S {cr, cl}, where br is odd and br is even. Since .4 f is commutative, 
we have A°/ ~ Ar = C © C. We consider the representations it, 7r°P : C © C —>■ B°{Hf) given by 

7r(A,Ai):=A, 7r°P(A,/r) :=/r, 

for (A, /r) G C © C, which gives the representation 7f((A, © (A', /r')) = A^' of Af 0 A°p on Hf- We also 

note that these representations obviously satisfy the order-one condition (1). Since we have set Jf = 1, this 
finite space is in fact an ordinary finite spectral triple, and hence also a Krein spectral triple which is not of 
Lorentz-type. 

Proposition 5.1. The gauge group of the finite space Fed equals Q{Fed) = 

Proof. We have U{Af) = C/(l) x 17(1), and the kernel of the representation p: U{Af) B{Hf) equals 
Kerp = {(A, A) G U{Af) \ A G 17(1)} ~ 17(1), which yields for the quotient Q{Fed) = U{AF)/Her p ~ 
1 /( 1 ). □ 

Let {M,g) be an even-dimensional pseudo-Riemannian spin manifold as in Proposition 4.1, for which t 
is odd, and consider the corresponding almost-commutative manifold as in Eq. 2: 

Fed X M := {C^{M,AFQA°/),HF<^L‘^{S),l<^filp + iVF(^lA<^JM) • 

In the following, we will use local coordinates (m = 1, ■ • ■, n = t + s) to write the Dirac operator as 
Jj) = for the ‘gamma matrices’ := 'y{dx^) and the spin connection V® = . 

We consider a perturbation A G Pert(C'“(M, TIf))- Since the algebra A := Cf°{M,AF) is commutative, 
7l°P ~ A and we can write A = ® bj for aj = and bj = (A',p') in A. Since the order-one 

condition is satisfied, the expression for rj-p simplifies and takes the form 

Vv{A) =Y^Xj\i*lf>,X'j] ® 

j 3 

where we have used that Vp commutes with the algebra elements, and we have defined A^ := + 

Pjdfj,p'j) G C^{M). Since A is real and pp is involutive (cf. [CCSlSb, Lemma 4.(ii)]), we know that pp{A) 

is Krein-self-adjoint. Since is Krein-anti-symmetric, A^ must also be Krein-anti-symmetric, and hence 
G C“ {M, iM.). We consider the corresponding fluctuated Dirac operator given by 

Va := 1 © i^lp + iPp © 1 + © f‘7^- (3) 

The almost-commutative manifold Fed x M is of Lorentz-type, and hence we can apply Definition 2.4 

for the Krein action. An arbitrary vector f G H^ = H^ © L^(S)° © H\- © L^(S)^ can be written uniquely as 

5 = CF © V’F + CL © V’L) (4) 

for Weyl spinors fip G L^(S)° and fiiR G L^(S)^. Note that the vector ^ G H^ is therefore completely 
determined by one Dirac spinor ip := ipp + 'pR. 

Proposition 5.2. The Krein action for Fed x AI is given by 

Sed['iP,A] = (ip I (i‘(0 + j'^Afj,) - m)ip). 
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Proof. We need to calculate the inner product where ^ is given as in Eq. 4. First, for J = 1®Jm 

we calculate 

J^ = —br ® Jm'4’r + Cl (g) Jm4’l- 
For the fluctuated Dirac operator Va of Eq. 3 we find 

VaS. = -br (g) i^^ipR + bl® - mcL 0 V'fl: + it^br 0 '0l - Af^CR 0 i^'y^'ipR + A^or 0 
= -br 0 {i^0'tljR - mipL + i^l^A^ipR) + 0 {i^0iiL - miiR + A^ipi). 

Taking the inner product of with and using the orthogonality of L^(S)° and L^(S)^, we obtain 

{Ji I 'DA^jj = {Jmf’ I - mV’ + . □ 

Remark 5.3. Let us consider the above result for the usual case of a 4-dimensional time- and space- 
oriented Lorentzian manifold M of signature (1,3). A choice of decomposition TM = Et 0 Es determines 
a unit timelike vector field cq S r(Et), because Et is oriented and has rank 1. The fundamental symmetry 
then equals Jm = 7(eo), and (using standard physics notation) we will write the (indefinite) inner product 
as (V’lV’) = /m V'' 5 ^dvolg, where tp = " 0 ^ 7 ( 60 ) is the Dirac adjoint of ip. We can then rewrite the Krein action 
as SedI^, A] = £ ED [V” ; ^] dvolg, where the Lagrangian is given by 

Ced[iP,A] :=V'(*7^(V^+A^)-m)V’. 

This is indeed precisely the usual (fermionic part of the) Lagrangian for electrodynamics (compare, for 
instance, [PS95, §4.1]). 

6 The electro-weak theory 

In this section we will describe the electro-weak interactions between leptons (i.e., neutrinos and electrons). 
The description given here is largely an adaptation of [DS12, §5]. 

Consider the finite-dimensional Hilbert space T-Lp '■= 'HrO'Hl, where Hr = Hr = C^. This Hilbert space 
is Z 2 -graded with even part H% = Hr and odd part H]p = Hr. We denote the basis of 'H_f by {vr, br, vr, br}, 
where the elements vr, vr describe the (right- and left-handed) neutrinos, and cr, br describe the electrons. 

We consider the (real) algebra Af = C © H, along with two even (real-linear) representations tt: Af —t 
B(Hr) © B{Hr) and 7r°P: A°/ -A B{Hr) © B{Hr) given by 

7r(A,g) :=qx®q := ^ ^ 7r°P((A, g)°P) := A © A, 

for A G C and q = a + /Sj gM.. The representation tt := tt 0 7r°P of Af 0 A°/ on Hr (B Hr is then given by 


^((A, q) 0 (A', q')°P) = X'qx © A'g. 
We define the mass matrix on the basis {vr, cr, vr, cr} as 



/ 0 0 

—imu 

0 \ 

Vf := 

0 0 

0 

—irrie 

imv 0 

0 

0 


y 0 irrie 

0 

0 y 

We then consider the even finite space Few 

= {Af,Hf,'F>f,Jf = 1) 

Proposition 6.1. The gauge group of Few 

equals 



Q^Fbv, 

0 = (C/(1) 

X SU{2))IZ2. 
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Proof. We have U{Af) = U{1) x SU{2). The kernel of p = tt o A: U{Af) 13{'Hf) equals Kerp = 
{(±1,±1) S U{Af)} — ’^ 2 - The quotient Q{Fed) = W(^F)/Kerp is thus given by (C/(l) x 5'f/(2))/Z2. □ 

Let {M,g) again be an even-dimensional psendo-Riemannian spin manifold as in Proposition 4.1, for 
which t is odd. The representations tt and 7r°P obviously extend to representations of Cf°{M,AF) and 
Cf°{M,AF)°^ on and it is easy to see that these representations satisfy the order-one condition 

(1). We consider the almost-commutative manifold 

Few X M := {C^{M,Af & A°/),nF ^ L'^{S)A ^ + iFf ^ lA ^ Jm) ■ 

Proposition 6.2. The fluctuation o/T> := 1 ® fllf) + iDf hy a perturbation A G Pert(Cf°(M, Af)) is of 
the form 


'Da=F> + rij,{A) = 1 0 flip -I- 0 fl^^ + {Wf -I- 0 1, 

where the gauge field and the Higgs field 4> are given by 

/ 0 0 mv4>2 \ 

0 0 —me4>2 VUepl 

—m^pi rne4>2 0 0 ’ 

\-mv4>2 -me4>i 0 0 / 

for the gauge fields G (M, ilR © su(2)) and the Higgs field {4>i,(j)2) G C^(M,C^). 

Proof. Write A = Oj 0 b°^ = ® ('^ 0 ^ Pert(C'“(M, Af))- Since the order-one condition 

is satisfied, the fluctuation is of the form gv{A) = aj\D, bfl + a*°^[T’, &*°^], where := 1 0 flip + iDf 0 1. 
The below calculations are similar to those in [DS12, §5.2.2], and therefore we shall be brief. From the 
commutators with iT>F^ we obtain the Higgs field 



3 


/ 0 0 rriycj)^^ \ 

— / — / 

0 0 —mep 2 ITT'ePl 

—m^pi me4>2 0 0 

\—mv4>2 —mepi 0 0 / 


where we define 

Pi = Y1 “ “i) + PiP'v 

3 

-A'), 

3 


3 

p2 = T.^iPr 

3 


We also observe that T>f commutes with 7r°P, so a*°^\iT>F: &*°^] = 0. We note that reality of the perturbation 
A ensures Krein-self-adjointness of p, and therefore self-adjointness of ip (since p anti-commutes with ff). 
Hence we must have p'^ = pi and P 2 = p 2 - Furthermore, we can write 

/A^ 0 \ 

'^aj\i*Ip,bj] = \ 0 -Afj, I 01*7'", a*°^[fllp, b*°'^] = 0 

3 \ QnJ 1 

for := ^ Cp°{M,iM.) and := ^ C(l“(M,su(2)). Thus the fluctuation oi V = 

1 0 flip + Wf 0 1 by a = ttj 0 b^ G Pert(A) is of the form 

riv[A) = 0 flY + <(>0 1, 
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where the gauge field is given by 


/O 0 \ 

:= 0 -2A^ . □ 

\ y 

The almost-commutative manifold F^w x M is of Lorentz-type, and hence we can apply Definition 2.4 
for the Krein action. An arbitrary vector ^ G = 'Hl ® A^(S)° © 'Hr ® L^(S)^ can be written uniquely as 

S, = VR®'ii)R + eR®'ii}% + VL®i)L+eL®f’l, (5) 

for Weyl spinors £ L^(S)° and i’Rji’R G A^(S)^. We observe that this vector ^ £ H° is completely 

determined by two Dirac spinors := ijjf + (describing the neutrino) and := iff + ip^ (describing 
the electron). We combine these spinors into the doublets of Weyl spinors 

:= e L\S)° © C^, Tfl := G L^S)^ © C^, 

and the corresponding doublet of Dirac spinors 4' := 'Fl + 'h_R G A^(S) © C^. 

Proposition 6.3. The Krein action for Few y. M is given by 

A] = (4-1 + PP^R I + (^-L I i^l^{Q^. - A^)4'l) + (^a | + (^l | 

where the gauge fields A^ and and the Higgs field {pi-,p 2 ) are given in Proposition 6.2, and the Higgs 
field {pi,p 2 ) acts via 

$ ■= + 1) -m,,p2 \ 

\ mep 2 -me{pi + l)J' 

Proof. We need to calculate the inner product {JP, PaP)j, where p is given as in Eq. 5. First, for J = 1©J7m 
we find 

JP, = ~^R © •JmP'r — Cr © PPmPr F vl ® •JmP'l + Cl © PImPl- 
For the fluctuated Dirac operator 'Da of Proposition 6.2 we find 

VaP = -VR © l^IPpR -Cr® PlPpR + VL® l^lPpL + CL © i^lPpl 
+ 2A^eR © i^j'^pR + - A^)(j^l © pR, cl © Plf 

-VL® + l)pR - mep2pR) - Cl® {m„p2pR + + 1)Pr) 

Fvr® {my{pi + l)pR + m,,p2pl) - Sr® {mep2pl - me{pi + 1)Pl)- 

Taking the inner product of Jp with DaP, and using the notation 'Fr, '^r, and 4), we obtain 

{JP I 'F>aP)j = {JmPr I i^dPpR ,)+ {JmPr I i^lPpR)+ {JmPl I + {JmPl \ 

- {JmPr I 2i‘7'^A^yi|j)I i*Y{Qfi - 
+ {Jm'^r I + (Jm'I'l I 

The desired expression for [T, A] = (y | VaP) = {JP \ DaP)j then follows by using the orthogonality of 
L^(S)° and L^(S)^ and the symmetry of (-I-). □ 


We observe that the Lagrangian calculated above is precisely (the fermionic part of) the usual Lagrangian 
for the lepton sector of the Glashow-Weinberg-Salam theory of electroweak interactions, including right- 
handed neutrinos (but without Majorana masses). For instance, the term (4'i|$*4'/j) can be rewritten in 
the form 




'i’l 


01 + 1 
02 


pfi) -me{ 'Fl 


— 02 
h +1 


0: 


R / > 
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which is of the same form as [PS95, Eq.(20.101)] (though there it is given for quarks instead of leptons). If 
we substitute the vacuum expectation value for the Higgs field, setting (pi + l = v /and (j )2 = 0, we obtain 

(V'L I Vr) + me (V'i I , 

which are indeed the standard mass terms for the neutrino and the electron. 


6.1 Major ana masses 

Let us briefly discuss how one can add Majorana masses into the model as well. For this purpose, we double 
up the Hilbert space, and introduce a real structure (for the definition of a real structure, see e.g. [Con95, 
Definition 3] or [CM07, Definition 1.124]). Given the Hilbert space Hr with basis {vr, cr, rr, sl}, we create 
an identical copy on which we denote the basis as PT, ^}, and we interpret this new copy as 

describing the anti-particles. We then consider the new Hilbert space Hr :='Hr® 'H-p along with a mass 
matrix Vr, & ‘fundamental symmetry’ Jr, a grading Fi?, and the real structure Jr given by 


Vr := 


(Vr 

\Pm T^f ) ’ 




Jr := 


0 c. c. 
c. c. 0 


where c. c. denotes complex conjugation (with respect to the standard basis), and Vr is the complex conjugate 
of the mass matrix Vr. The map Vm'- JLr —>■ H-p is given as Vmvr irriRlJR, where tur G R is the 
Majorana mass of the right-handed neutrino, and VmCr = Vmvr = VmGl = 0. We point out that Vr 
is Krein-self-adjoint, and that Jr anti-commutes with both Jr and Fir. The mass matrix Vr does not 
commute (or anti-commute) with the real structure Jr] instead we have the relation VrJr = JrV*p (where 
we used the symmetry of Vm)- Thus the commutator picks out the skew-adjoint part of Vr, which is just 
the part containing the Majorana mass. To be precise: 


rf) 7 1 0 \ 

[Dr,Jr]=(^ 0 2PMj 

Recalling the representations tt: Ar —>■ B{'Hr) and 7r°P: A°/ —?► B{'Hr), we obtain representations 
TT: Ar — B{T-Lr © "H-p) and 7f°P : A°/ — B{'Hr © 'Hjt) given by 

7r(a) := 7r(a) © 7r°P(a*), 7f°P(a) := jRn{a*)jR, 

where a* denotes the matrix transpose of a. With these definitions, we obtain a new finite space Few ■= 
{Ar 0 A°p ,'Hr,Vr, Jr) with grading operator T r and with a real structure Jr. 

Now consider a 4-dimensional Lorentzian spin manifold M. We also equip the Krein spectral triple 
over M (given in Proposition 4.1) with a real structure, given by the charge conjugation operator Jm on 
the spinor bundle. For even-dimensional pseudo-Riemannian manifolds, the (anti)commutation relations of 
the charge conjugation operator are given in [Bau94, Proposition 3]. In the 4-dimensional Lorentzian case, 
the charge conjugation operator commutes with the Clifford representation and with the Dirac operator if), 
anti-commutes with the grading operator Pm, and satisfies Jm = ■ Since Jm commutes with the Clifford 

representation, it commutes with the fundamental symmetry Jm = 7(eo). 

Next, we can consider the almost-commutative manifold Few x ^^ which we equip with the real structure 
J := Jr ® Jm- We calculate 

J^ = {Jr © Jm){Jr © Jm) = —Jp © Jm = —1 © (—1) = 1, 

JP = {Jp © JM)(rR © Pm) = Jr^r © Jm^m = {—BrJr) © (—Pm^m) = (Jr © Bm){Jr © Jm) =BJ, 

JJ = {Jr © Jm){Jr © Jm) = Jr Jr © JmJm = {—Jr Jr) © {JmJm) = {Jr © Jm){Jr © Jm) = J J- 
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We note that to get [J, J\=0 (which we need below) we used that JfJf = —JfJf, and hence it is essential 
that iTf is non-trivial. 

Since we have doubled the finite-dimensional Hilbert space, we have introduced too many degrees of 
freedom. To correct this, we follow the approach of [Bar07] and consider vectors rj S Ti,^ which (in addition 
to Tr] = rj) also satisfy Jr] = rj. Since = 1 and JT = TJ, this assumption makes sense, and it means we 
can write 77 = ^ -I- J^, where ^ is an element of {T-Lf ® T^(S))*^ as given in Eq. 5. The fermionic action is then 
of the form 

{Jn I Vav)j = {J^ I VaOj + I I 'DaJOj + I 'DaJOj- 

The last term can be rewritten as 

(JJC I VaJOj = I JT^aOj + {JJi I pA, J]Oj. 

The commutator [Va, J] equals ipF, Jf] ® Jm- For ^ G {Hf ^ L'^ {S))^ we have [Va, G Hf^ L‘^{S) while 
JJ^ G 'H-p(g)L^(S). The subspaces'H_ f®L^(S) and'H-p®L^(S) are orthogonal, so the term {JJ^ \ ['Da,J]Oj 
vanishes. Since J commutes with J, we find that {J\ VaJCiJ = I T^aCiJ = <S'ew['I', A], 

Hence the only new contributions to the fermionic action come from the terms {JJ^IJ^aOj 
{J^PaJOj- Since the subspaces Hf ® -b^(S) and 'H-p ® ^^(S) are orthogonal, we only need to con¬ 
sider the part of TJa which mixes particles and anti-particles, which is precisely just the Majorana mass 
matrix Um■ For the vector := vr ® 7 /)^ representing the right-handed neutrino, we calculate 

JPr = —JfI'r ® Jm'iI’r = ® Jm^Pr, 

J J^R = —jijm ® Jm'P'r) = —JfT^ ® JmJai'Pr = im® JmJm'Pr, 

{Wm ® = -rriRV^ ® ipR, 

® 1)JP!r = mRVR ® JHi^R- 

This gives 

{J^pA'JClJ = { — Vr ® JmP^'rPtaIrVr ® Jm'Pr)j = —'mR{jM'pR\JM'4’R)j^^ 

{J J£,PaOj = (Ffl ® JMJMlpR\-mRl7^ ® '^r)j = -'^r{Jm JMi>R\i>R) 

Summarising, we can extend the electro-weak theory to include Majorana masses for right-handed neutrinos, 
and we obtain the new action Sew+m given by 

Sew+m[^J A] = 2S'Eiy ['k. A] — mR{'ipp\JMipR) ~ J 

where Sew is given in Proposition 6.3. 

Remark 6.4. In this section we have introduced the notion of real structure on a Krein spectral triple 
in a rather ad hoc manner. One might wonder how to describe the general theory of real Krein spectral 
triples. Do we for instance obtain an alternative notion for the KO-dimension of such triples? While the 
KO-dimension of real spectral triples arises from the eightfold Bott periodicity in real K-homology, there is 
no Krein version of K-homology, and hence the answer to this question is not straightforward. In any case, 
one would expect that the signs determining the (anti)commutation relations of the real structure now not 
only depend on the dimension, but also on the signature. For the even-dimensional case, these signs are 
given in [Bau94]. 


7 The Standard Model 

Given the description of the electro-weak theory of the previous section, it is fairly straightforward to extend 
this theory to the full Standard Model as described in [Con06, CCM07]. This extension is basically obtained 
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by including a summand M 3 (C) in the algebra Af to describe the strong interactions, and by enlarging 
the Hilbert space TLf incorporate the quarks. Moreover, the Hilbert space is then enlarged three-fold to 
include three generations of all elementary particles. Since most of the details are similar to the electro-weak 
theory, and since there is already plenty of literature available on the noncommutative description of the 
Standard Model (see e.g. [Con96, Con06, CCM07, CM07, JKSS07, CCIO, DS12]), we shall be rather brief 
in this section. 

Thus, we take the algebra Af = C © H © which is represented on the finite-dimensional Hilbert 

space "Hf := The factor describes the fact that there are three generations of elementary 

particles. The right-handed particles Hr and the left-handed particles Hr are both given by © (C^ © C^). 
Here the first summand describes the two leptons f and e, and the second summand describes 

the quarks u‘^ and (which occur in three colours c = r, g,b)- 

We will consider the commuting representations tt : Af ^ B{{Hr®Hl)®C?’) and 7r°P : A^^ B{{Hr® 
Hl)®C^) given by 


7r(A, q, b) := {{qx © {qx © 1)) © (q © (g © 1))) © 1, 

7r°P(A, q, b) ■- ((A © (1 © &*)) © (A © (1 © &*))) © 1, 

where b* denotes the matrix transpose of b. The representation if := tt © 7r°P: Af 0 A°p —?> B{Hf) is then 
given by 

7f ((A, q, b) © (A', q , b')°^) = {{X'qx © (qx © &'*)) © (X'q © (g © 6'*))) © 1. 

We consider the even finite space Fsm '■= (,Af,Hf,'B>f-, Jf = 1): where the mass matrix is given by 


/ 0 

0 

-iYp 



/ 0 

0 

—iY 

u 


0 

0 

0 

-iYe 


0 

0 

0 

-lYd 

iYp 

0 

0 

0 


iY 

0 

0 

0 

\ 0 

lYe 

0 

0 ^ 


\ 0 

iYd 

0 

0 y 


Here each Y, is a hermitian 3 x 3-matrix corresponding to the three generations of each type of particle. 

Similarly to Proposition 6.1, the gauge group of the finite space Fsm is given by G{Fsm) = (t^(l) x 
SU{2) X U{3))IZ2. This gauge group does not match the gauge group of the Standard Model (even modulo 
finite groups), since we have a factor t7(3) instead of SU{3). As in [CCM07, §2.5] (see also [DS12, §6.2.1]), 
we will therefore impose the unimodularity condition det \rp{p{u)) = 1, which yields the subgroup 

SGiFsM) = |/3('a) G GiFsM) ■ U = (A,g,6) G U{Af), (Xdetb)^^ = l|. 

The effect of the unimodularity condition is that the determinant of 6 G 17(3) is identified (modulo the 
finite group pi 2 of 12th-roots of unity) to A G 17(1). In other words, imposing the unimodularity condition 
provides us, modulo some finite abelian group, with the gauge group 17(1) x SU{2) x SU{3) of the Standard 
Model. 

The calculations for the inner fluctuations and the fermionic action of the Standard Model are similar to 
the case of the electro-weak theory (although somewhat more cumbersome). Below we will simply give the 
results. 

Proposition 7.1. The fluctuation ofV by A £ Pert(C'“(M, Mf)) is of the form 
'Da='D + r]x,{A) = 1 © flip + © fl^^ + {Wf + i^) © 1, 

where the gauge field A^ and the Higgs field p are given by 

(0 0 \ //|A, 0 \ 

Ap = \ 0 -2Ap ® 0 +1 © V), 

V Qf-AJ \\ (Q;. + iA^)©iy 
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/ 0 

0 


Wd>2\ 


/ 0 

0 

Yufl Yu4>2 \ 

0 

0 

-Yef2 

Yefl 


0 

0 

-Ydf2 Ydfi 

-Y,fi 

Yef2 

0 

0 

© 

-Yufi 

Ydf2 

0 0 

V -Y,(j>2 

-YeCfl 

0 

0 


\-Yuf2 

-Ydcfi 

0 0 / 


for the gauge fields (A^,(3^, V^) S (7“ (M, iK 0 su(2) ©su(3)) and the Higgs field S C^{M,€f). 

Similarly to Eq. 5, an arbitrary vector f ^ HP = Hl 0 E^(S)° © Hr 0 L^(S)^ is uniquely determined 
by Dirac spinors if'' (describing the three neutrinos), if^ (describing the electron, muon, and tau-particle), 
"0“ (describing the up, charm, and top quarks in three colours) and if^ (describing the down, strange, 
and bottom quarks in three colours), where we have omitted the generational index from our notation. 
We group these spinors together into the multiplets G E^(S) 0 0 (describing the leptons) and 

'k'* G A^(S) 0 0 0 (describing the quarks). 

Proposition 7.2. The Krein action for Fsm x M is given by 

S'ew[4', A] = {¥\Plf)¥) + 

+ {rR\-2PrA^rR) + miPrA^rR) + 

+ - KM) + M\VM) 

+ + Mr\^M) + ('i^il($’)*n)> 

where the gauge fields A^, Q^, and V)^ and the Higgs field {4>i.,4>2) are given in Proposition 7.1, and the 
Higgs field acts via 

+ ^) —Yu4’2 \ + ^) —Yu4'2 \ 

■ V Yeh -re(<(>i + l); ’ ■ V Ydh -Ya{cf^Hl))- 

We observe that the Lagrangian calculated above is precisely (the fermionic part of) the usual Lagrangian 
for the Standard Model, including right-handed neutrinos (but without Majorana masses). For the possible 
inclusion of Majorana masses for the right-handed neutrinos, the procedure is the same as in Section 6.1, 
and we shall not repeat it here. 
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